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Abstract. We give an almost complete description of the coarse and uniform 
. . . embeddability between Orlicz sequence spaces. We show that the embeddabil- 

, ity between two Orlicz sequence spaces is in most cases determined only by 

the values of their upper Matuszewska-Orliez indices. 

o 

(N 

1. Introduction 

■ Let {M, (Im), {N, djsi) be metric spaces and lei f : M — > be a mapping. Then / 
is called a coarse embedding if there exist nondecreasing functions pi, p2 ■ [0, cxd) 
[0,oo) such that Imit^ac pi{t) = oo and 

pi{dM{x,y)) < dN{f{x)J{y)) < p2{dM{x,y)) for all x,y e M. 

We say that / is a uniform embedding if / is injective and both / and /^^ : 
f{M) —J' M are uniformly continuous. If / is both a coarse embedding and a 

■ uniform embedding, then / is called a strong uniform embedding. Naturally we say 
that M coarsely embeds into N if there exists a coarse embedding of M into N ^ and 
similarly for other types of embeddings. Let us mention that what we call a coarse 
embedding is called a uniform embedding by some authors. We use the term coarse 

^ ■ embedding because in the nonlinear geometry of Banach spaces the term uniform 

— \ embedding has a well established meaning as above. 

■ The study of conditions under which a Banach space coarsely (or uniformly) 
embeds into another Banach space has been a very active area of the nonlinear 
geometry of Banach spaces. Coarse embeddability has received much attention in 



< 



recent years mainly because of its connection with geometric group theory, whereas 



o 

(N 



X 



the study of uniform embeddability may be regarded as classical. See |Kal| for a 
recent survey on the nonlinear geometry of Banach spaces. 

Not much is known in general, but there are some partial results. The coarse 
and uniform embeddability between .^p-spaces is now completely characterized. Let 
us recall the results. Nowak proved that ^p coarsely embeds into £2 if 1 £ P < 2 
\ [Noli Proposition 4.1] and that ^2 coarsely embeds into Ip for any 1 < p < 00 |No21 

Corollary 4]. A construction due to Albiac in [All proof of Proposition 4.1(ii)], 
originally used to show that ip Lipschitz embeds into £qifO<p<g<l, can be 
used to show that tp strongly uniformly embeds into if 1 < p < g (see also jAB] , 
where this construction is performed for all < p < g) . This fact also follows from 
Proposition 14. 1 1 below, whose proof is based on Albiac's construction. On the other 
hand, Johnson and Randrianarivony proved that does not coarsely embed into €2 
if p > 2 IJR[ Theorem 1]. Later, results of Mendel and Naor |MN[ Theorems 1.9 and 
1.11] showed that £p actually does not coarsely or uniformly embed into £q it p > 2 
and q < p. Furthermore, £2 uniformly embeds into £p if 1 < p < 00. Indeed, by [BLi 
Corollary 8.11], £2 uniformly embeds into 5^2, which is uniformly homeomorphic 
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to Sg^ by |BL1 Theorem 9.1]. In fact, £2 even strongly uniformly embeds into Ip 
if 1 < p < 2. This will be proved in Theorem 13.11 below. We can summarize the 
results as follows. 

Theorem 1.1. Letp,q€ [l,oo). Then the following assertions are equivalent: 

(i) ip coarsely embeds into Iq. 

(ii) £p uniformly embeds into £q. 

(iii) ip strongly uniformly embeds into £q. 

(iv) p < q or q < p < 2. 

Our aim is to generalize this classification to a wider class of Banach spaces, 
namely to Orlicz sequence spaces. Let hM and h^ he Orlicz sequence spaces associ- 
ated with Orlicz functions M and TV, and let /3m and /Sat be the upper Matuszewska- 
Orlicz indices of the functions M and N. We will show that the coarse (uniform) 
embeddability of h^i into hjf is in most cases determined only by the values of 
/3m and /3jv- The dependence of the embeddability of hj^i into h^ on the values of 
/3m and /Sn is very similar to the dependence of the embeddability of £p into £q on 
the values of p and q from Theorem 11.11 (note that the upper Matuszewska-Orlicz 
index of £p is p). In some cases, however, the embeddability of hj^i into /iat is not 
determined by the values of /3m and /3jv • A brief summary of our results is given at 
the end of the paper. 

It is worth mentioning that Borel-Mathurin proved in |B-M1] the following 
result concerning uniform homeomorphisms (i.e. bijections which are uniformly 
continuous and their inverses are also uniformly continuous) between Orlicz se- 
quence spaces. Let M and TV be Orlicz functions and let q;m and aN he their 
lower Matuszewska-Orlicz indices. If Hm and Hn are uniformly homeomorphic, then 
aM = ckAT and /3m = Pn- The fact that am = was published also in |B-M2| . 
the fact that /3m = Pn is a consequence of results of Kalton |Ka2] . 

This paper is organized as follows. In Section [5] we summarize the notation and 
terminology, and recall basic facts concerning Orlicz sequence spaces. In Section [3] 
we give the proof of the fact that £2 strongly uniformly embeds into £p if 1 < p < 2. 
Section[4]thcn contains the results concerning the coarse and uniform embeddability 
between Orlicz sequence spaces. 



Our notation and terminology for Banach spaces is standard, as may be found for 
example in [LTlj and |LT2| . All Banach spaces throughout the paper are supposed 
to be real. The unit sphere of a Banach space X is denoted by Sx- If {Xn)'^=i is 
a sequence of Banach spaces and 1 < p < 00, then {J2'^=i ^njg stands for the £p- 
sum of these spaces, i.e. the space of all sequences x = {xn)^=i such that a;„ € Xn 



for every n, and = (X]^i ll^^nP)'' < If a Banach space X is isomorphic 
to a subspace of a Banach space Y , we will sometimes say that X linearly embeds 
into Y. 

Let us give the necessary background concerning Orlicz sequence spaces. Details 
may be found in [LTT] and [lT2] . 

A function M : [0, 00) — >■ [0, 00) is called an Orlicz function if it is continuous, 
nondecreasing and convex, and satisfies M(0) = and Imit^oo M{t) = 00. 

Let M he an Orlicz function. We denote by £m the Banach space of all real 

sequences (a;„)J^j satisfying J2'^=i ^'^ (■^^) < ^ some p > 0, equipped with 
the norm defined for x — {xn)^^i € £m by 



2. Preliminaries 
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Let Hm denote the closed subspace of £m consisting of all {xn)^=i S £m such that 
J2'i^=i^ (^^) °° ^'^^ every p > 0. The sequence (e„)^j of canonical vectors 
then forms a symmetric basis of Hm- Clearly if M{t) — for some 1 < p < oo, 
then Hm is just the space ip with its usual norm. 

If M{t) — for some t > 0, then M is said to be degenerate. In this case, Hm 
is isomorphic to cq and £m is isomorphic to ioa- In the sequel, Orlicz functions are 
always supposed to be nondegenerate. 

We will be interested in the spaces Hm- Note that (.m = ^a/ if and only if Im is 
separable if and only if (3m < oo, where (Sm is defined below. 

An important observation is that if two Orlicz functions Mi and M2 coincide on 
some neighbourhood of 0, then h^i and consist of the same sequences and the 
norms induced by Mi and AI2 are equivalent. 

The lower and upper Matuszewska-Orlicz indices of M are defined by 

f M(\t) ] 

UM = sup < 9 e M : sup , . < 00 ^ , 

/3M-inf(geM: inf ^^j^ > 
{ A,te(o,i] M{X)ti 

respectively. Then 1 < qm < I3m < 00. Note also that if M{t) — t^ for some 

1 < p < 00, then aM — Pm = P- We will need the following theorem due to 

Lindenstrauss and Tzafriri (see |LT1[ Theorem 4.a.9]). 

Theorem 2.1. Let M be an Orlicz function and let I < p < 00. Then ip if p < 00, 
or Cq if p =^ 00, is isomorphic to a subspace of hM if and only if p £ [qimj/^m]- 

Let M be an Orlicz function and x — {xn)^^i G h^i- Using the Lebesgue's 
dominated convergence theorem we see that the function 



is continuous. In particular. 



The following lemma is a simple consequence of the convexity of M combined 
with the fact that M(0) = 0, and (P). 

Lemma 2.2. Let M be an Orlicz function and let x = (a;„)^i G hm- 

(a) //||.t|| < 1, thenj:ZiMi\xn\) < \\x\\. 

(b) //||x||>l, thenj:ZiMi\xr,\)>\\x\\. 

If X is a Banach space, define qx — inf {q> 2 : X has cotype q}. Then if M is 
an Orlicz function, we have 

(2) qh^j =ma.x{2,(3M)- 

This can be proved as follows. Suppose first that /3m < 00. Note that Hm, equipped 
with the natural order, is a Banach lattice. By Remark 2 after Proposition 2.b.5 in 
[ET2] . we have 

/3m = inf {1 < q < 00 : Hm satisfies a lower g-estimate} . 

By [LT2[ Theorem l.f.7], if a Banach lattice satisfies a lower r-estimate for some 1 < 
r < 00, then it is g-concave for every r < q < 00. And by |LT21 Proposition l.f.3(i)], 
if a Banach lattice is g-concave for some q > 2, then it is of cotype q. Hence qhM ^ 
T[iax(2, I3m)- The opposite inequality follows from the fact that £pj^j is isomorphic 
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to a subspace of Hm by Theorem 1 2. 1[ and g^^,^^ = niax(2,/3M)- If Pm = oo, then, 
by Theorem 12. IL /im contains cq, and the result follows. 



3. EMBEDDINGS OF £2 

In this section we give the promised proof of the fact that £2 strongly uniformly 
embeds into £p ii 1 < p < 2. The proof is inspired by Nowak's construction of coarse 
embeddings between these spaces in [No 21 proof of Corollary 4] . 

Recall that a kernel K on a set X (i.e. a function K : X x X C such that 
K{y, x) — K{x, y) for every x,y € X) is called 

(a) positive definite if Y^^i K{xi, Xj)ciCj > for every n e N, xi, . . . , a;„ € X 
and ci, . . . , c„ € C, 

(b) negative definite if J2'ij=i K{xi,Xj)ciCj < for every n e N, xi, . . . , a;„ S X 
and ci, . . . , c„ € C satisfying J2"=i = 0. 

Note that if the kernel K is real-valued, then in order to check the positive or 
negative definiteness of K it suffices to use only the real scalars. 

Recall also that for p,q E [l,oo), the Mazur map Mp^g : Si^ — > Si^, defined for 
X = {xn)n=i by 

Mp,q{x) = |a;„|<!signa;„ 

\ / n—l 

is a uniform homeomorphism between these unit spheres. If p > q, then it satisfies 
for all x,y G Si^ and for some C > the inequalities 

(3) CWx-yW'i <\\Mp,q{x)-MpM\<h^-vl 

and the opposite inequalities ii p < q (with different C) because clearly Mq^p = 
M-]. See pLl Theorem 9.1] for a proof. 

Theorem 3.1. Let 1 < p <2. Then £2 strongly uniformly embeds into £p. 

Proof. First, for every i > there exists a mapping Lpt : I2 ^ Si^ such that for all 
x,y E £2 we have 

(4) ||^,(x)-^,(j;)|p = 2(l-e-*ll--^ll'). 

To prove this statement, fix i > 0. By a simple computation, the function {x,y) — >■ 
||x — (x, y) & £2 X £2, is a negative definite kernel on £2, and therefore, by 
[BLl Proposition 8.4], the function {x,y) — >■ e"*"^"^" , {x,y) € £2 x £2, is a positive 
definite kernel on £2- By |BL[ Proposition 8.5(i)], there exists a Hilbert space H 
and a mapping T : £2 ^ H such that e~*ll^~^ll = {T{x), T{y)) for every x,y E £2- 
The rest is clear. 

Let tn > 0, n e N, be such that X^J^i V^n < 00. For each n G N, define 
/„ — A'h^p o ipt^. Let xo G £2 be arbitrary and define f : £2 ^ (J2'i^=i^p)e by 
f{x) = {fn{x) - fn{xo))n=i (t^at f {x) £ (Y.'^^i ^p) ^^r cvcry x e £2 wih follow 
from the estimate ([5]) below). Let us show that / is a strong uniform embedding. 
Since the spaces iJ2'^=i ^p)i ^^-^ £p are isometric, the proof will be then complete. 
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Let x,y G £2- Then 

00 00 
(5) \\f{x) ~ f{y)\\ < |l/„(x) - Uy)\\ = E \\M2A^M) - M^AvtAvm 



n=l 



2\ 2 



^ n=l ^ n=l 

< ^ E -ywr-w^^ y\\ ^f:vu:, 

^ n=l ^ n=l 

where the first inequahty follows from the triangle inequality, the second inequality 
from ([3]), the second equality from ([4]), and the third inequality from the fact that 
1 — e^* < t for all i G R. By our assumption, X^J^i < 
On the other hand, 

00 

(6) ii/(x)-/(y)r-Eii/"(^)-/"(y)r 

00 
n=l 

>C^E||^,„(x)-^,„(y)f 

oc 

= 2CP E (1 



^ 1 - e" 

71=1 



where the inequality follows from 
Define functions pi,p2 on [0, cx)) by 

Coo 
E(l-e-*" 
n=l / 

and 

P2[S) = S > Vt„. 

p ^ — ' 

^ n=l 

Then, by ^ and (O, for every x,y G £2 we have 

Pi(||x-y||)< <P2(||x-2/||). 

Clearly both pi,p2 are nondecreasing. Let us show that pi{s) — )■ 00 as s — > 00. 
Let N G N. Then there exists K > such that for each 1 < n < and s > -RT we 
have 1 — e~ "'^ > ^. For such s we then obtain 

/ N \ P 

Pi(s)>2pC E(l-^"*"'') >^^^- 

Hence pi(s) — > cxd as s — > cxi, and therefore / is a coarse embedding. 
Since P2{s) — ;> as s -> 0+, and 

pi{s) > 2p C {1 ^ e-'^^'Y >0 
for every s > 0, we see that / is also a uniform embedding. □ 
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4. Main Results 

Let us start with a sufRcient condition for the strong uniform embeddabihty 
of Orhcz sequence spaces into £p-spaces. The proof of the foUowing proposition is 
based on a construction due to Albiac [Al] proof of Proposition 4.1(ii)]. 

Proposition 4.1. Let M be an Orlicz function with /3m < oo and let p > (3m- 
Then Hm strongly uniformly embeds into £p. 

Proof. We may clearly suppose that M(l) = 1. Fix arbitrary /3m < q < P- Then 
there is C > such that 

(7) ^^^^ for every A, (0,1]. 
We may suppose without loss of generality that 

(8) ^^>C foreveryA>Oandie (0,1]. 

Indeed, if ([7]) holds, then in particular M{t) > Cf for every Q < t < 1. We may 
clearly suppose that Cf^ < M{t) < Df for some D >1 and for every t > 1. Then if 
A > 1 and i e (0, 1], we have M{\t) > C{Xt)i = CXW > %M{\)t<i. Since § < C, 
we may take as C in the number ^. 

We will proceed in two steps. 
Step 1: We will construct functions fn,k ■ K — >■ [0,oo), n,k E such that for 
certain constant A> 1 and for every s, t G ffi. we have 

oo 

(9) M{\s-t\)< ^ IfnM^)- fnAt)]" <AM{\s-t\). 

n,k— — oo 

Suppose that n e Z. Let a„ = 2"+2M {2^)^ and define 

if i e [0, 2^^] , 
fn{t) = { -Or, {t - ^) ifte(^,5^], 

otherwise. 

For fc G Z then define the translation of /„ by 

Note that for every n, fc e Z the estimate < fn.k £ o-n^ holds, the Lipschitz 
constant of fn,k is a„, and the support of fn,k is [^tft, ^tft + 2r.-i ] ■ 

For the upper estimate in let s,t E M., s t, and let A'^ G Z be such that 

2^+1 < \s — t\ < ^V- 

If n > A^ and k eZ, then 

(10) !/„..(.) ~ fn,k{tr < <^ = (^) = 4PA/ 



< 4P^-T7A^ ( < 4^^-T7A/(|s - t\) 



(the first inequality follows from the fact that < fn.k < cin^, while the second 
one from the convexity of M and the fact that A/(0) = 0). 
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If 71 < iV and ke'L, then 



(11) \fn.u{s) - /„,feWr < <k - < 2P(-+^h'I (^^) ^ 



4P / 1 1 \ 4P / 1 1 



4^ 1 , . / 1 



C 2(f-i)(A^-«) V2^+^ 
4P 1 

< ^ M(\s - t\) 

(the first inequaUty foUows from the fact that the Lipschitz constant of fn,k is a„, 
the third one from (O, and the fourth one from the convexity of M and the fact 
that M(0) = 0). 

Note that the estimates ^TU\i and pT|) do not depend on k. For n e Z, denote 
S'n = {fc e Z : fn,k{s) > or fn,k{t) > 0}. Clearly the cardinality of S'„ is at most 
8. Hence, using dTU]) and pl|) . 

OO 

E i/n,fe(*)"/.a(^)r 

n,fc— — oo 

= E E i/n,fe(*)-/«./c(i)r+ E E ifn.kis) - fnAtr 

n>N k£S„ n<N keSn 

< 8 . 4P I y + - y — I — I M(\s - 1\) 

\n>Ar n<w2V9 >^ >j 



8.4^(l + i^-l^)M(|._e 



So we may take 

1 



= 8 • 4P 1 



Cl-2i-f 

For the lower estimate in suppose that s,t A, s < t, and let now TV e Z 
be such that ^^-^^ < \s — t\ < ^jv+i ■ Let if be the largest fc e Z such that s belongs 
to the support of fN,k- Then s e [|^, |^ + 51^) ^nd t € [^rrr, ^rrr + jrr)- 
Hence 

/ 1 \ 1 



Vf(^) >M{\s^t\) 



\ 2^+1 / 2P(^+2) 



= M 

and therefore 

00 

E - fnAt)\" > \fN,K{s) - !N.K(t)Y > M{\S - t\). 

7i,k—~oo 

step 2: Define / : Hm ^ ^p(N x Z x Z) by 

f{^) — ifrhkiXi) — fn,k{0))(i,n,k)eNxZxZ, 

where x = (xi)°^-^ (the fact that f{x) E £p{N x Z x Z) for every x G Hm will follow 
from the estimates below). Let us show that / is a strong uniform embedding. 
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Let X = {xi)°Zi,y = (yOi^i ^M- By for each i e N we have 

oo 



71, k- 

and therefore 



oc oo 

By Lemma [2.21 if — ?;|| < 1, then 

CO 

\\!{x) - /(y)r <AY,M{\x, - y,|) < A\\x - v\\, 
and if \\x — y\\ > 1, then 

oo 

ii/(x) - /(2/)r > E ^^(1^^ - > 11^ - 

1=1 

If llx — j/ll > 1, then, by ([8]), for every i S N we have 

V Ik- 2/11 y I 



A 



\\x-V\ 



and therefore, using also ((Ij, we obtain 

. oo /I I 

1=1 i=\ 

If III — y II < 1, then similarly 

oo , I _ 

\\!{x) j{vW > E ^^(1^^ -y.\)>cJ2M' '"^^ 

1=1 i=l 



ii2;-2/r 



Now define 



^^^^^^ if^>l, 



and 



if f£ 10,1], 

Then pi,p2 are nondecreasing (since C < 1), limt_j.oo Pi (i) = oo, and for every 
a;, y e Hm we have 

Pi(||.T-y||)<||/(a;)-/(y)||<p2(||x-2/|l). 

Hence / is a coarse embedding, and clearly it is also a uniform embedding. Since 
£p(N X Z X Z) is isometric to £p, we have obtained a strong uniform embedding of 
hi\i into £p. □ 

We are now ready to give a sufficient condition for the strong uniform embed- 
dability between Orlicz sequence spaces. Recall that if M, N are metric spaces and 
f : M ^ N is a mapping, then / is called a Lipschitz embedding provided / is 
injective and both / and /^^ : f{M) — > M are Lipschitz mappings. Clearly if / is 
a Lipschitz embedding, then / is a strong uniform embedding. 
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Theorem 4.2. Let A/, N be Orlicz functions. If I3m < Pn or /S^ < /3m < 2 or 

/3m ^ Pn = oo, then Hm strongly uniformly embeds into . 

Proof. If /37V — oo, then cq linearly embeds into /ijv by Tlieoreni l2.1l and since every 
separable metric space Lipschitz embeds into cq by [Ah] , we conclude that any Hm 
even Lipschitz embeds into /ijv- So suppose that /3jv < c». 

If /3m < Pn, then strongly uniformly embeds into by Proposition 14.11 
and linearly embeds into hy Theorem 12.11 Hence /im strongly uniformly 
embeds into /iat. 

If /3Ar < /3m < 2, then Hm strongly uniformly embeds into £2 by Proposition 14. II 
By Theorem 13.11 £2 strongly uniformly embeds into ip^, which in turn linearly 
embeds into ftjv by Theorem 12. 1[ and therefore Hm strongly uniformly embeds 
into hpf. □ 

To give a condition ensuring the nonexistence of a coarse or uniform embed- 
ding between two Orlicz sequence spaces, we will use the following result due 
to Mendel and Naor. Recall that if X is a Banach space, then we define qx = 
mf{q>2:X has cotype q}. 

Theorem 4.3 ( |MN[ Theorems 1.9 and 1.11]). Let Y be a Banach space with non- 
trivial type and let X be a Banach space which coarsely or uniformly embeds into 
Y . Then qx < qv ■ 

Theorem 4.4. Let M,N be Orlicz functions. If Pm > 2 and /3jv < (3m, then Km 
does not coarsely or uniformly embed into hx. 

Proof. Assume first that hx has nontrivial type. Since, by 



it follows from Theorem 14 . 31 that Km does not coarsely or uniformly embed into hx . 

Now suppose that hx does not have nontrivial type and suppose for the con- 
tradiction that hM coarsely or uniformly embeds into hx- Pick any p e {PxtPm)- 
Then hx strongly uniformly embeds into £p by Proposition 14.11 and therefore ft-M 
coarsely or uniformly embeds into £p. But £p has nontrivial type (since p > 1) and 
its upper Matuszewska-Orlicz index is equal io p < (3m, which is in contradiction 
with the first part of the proof. □ 

Theorems 14.21 and 14.41 give almost complete classification of the coarse (uniform) 
embeddability between Orlicz sequence spaces. In the remaining cases, when /3jv < 
/3m = 2 or 2 < (3m — (3x < 00, the situation is more complicated. 

Let us now investigate the case when (3x < (3m — 2. We will show that in this 
case the coarse (uniform) embeddability of Km into hx is not determined by the 
values of (3m and (3x . More precisely, for any 1 < p < 2 we can find Orlicz functions 
Mi,Ni,M2,N2 such that /3mi = (3m2 =2 and (ixi = (3x2 = P, and such that Hmi 
coarsely (uniformly) embeds into hx^ and /1M2 does not coarsely (uniformly) embed 
into hx2- Of course, by Theorem l3.11 £2 strongly uniformly embeds into £p, providing 
thus examples of Mi and A^i . Let us give examples of AI2 and N2 . 

We will use the following theorem due to Johnson and Randrianarivony. 

Theorem 4.5 ( JR, Theorem 1]). Let X be a Banach space with a normalized 
symmetric basis (e„)^i such that 



QhM - 



max(2,^M) > ma.x{2,(3x) = qh 




Then X does not coarsely or uniformly embed into a Hilbert space. 
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This theorem was originaUy stated only for coarse embeddabihty; the statement 
about uniform embeddabihty fohows from a result of Randrianarivony [Rai a para- 
graph before Theorem 1], who proved that a Banach space coarsely embeds into a 
Hilbert space if and only if it uniformly embeds into a Hilbert space. 

Proposition 4.6. Let M be an Orlicz function such that 

M(t) 
lim = 0. 

Then Km does not coarsely or uniformly embed into ii. 

Proof. We may suppose without loss of generality that M(l) ~ 1. Then the se- 
quence of canonical vectors (e„)^]^ forms a normalized symmetric basis of Km- 
Furthermore, 



inf|p>0:f]Af Q 



inf <^ « > : - < hV 
P 




inf <j p > : A/ ( - ) < - 



1 



(^) 



and therefore 



1 

T" 

n2 



i=l 



Let tn = (i). Then tn -> and Af(t„) = ^, and therefore 

1 M{t„)-^ 



r M(t) n 

smce limt^o+ = 0. 
Hence 



lim inf — - 



tr. 



^0, 



E' 



0, 



and therefore, by Theorem l4.51 the space Hm does not coarsely or uniformly embed 
into £2- □ 

Example 4.7. There exists an Orlicz function M such that um = Pm = 2 and 
hM does not coarsely or uniformly embed into £p for any 1 < p < 2. 



Proof. Let 



fit) 



-, t e (0,e). 



1-logi' 

Then using simple calculus we see that / is a continuous convex function, /(t) > 
for each t S (0,e) and limt_>.o^ f{t) — 0. Clearly there exists an Orlicz function M 
such that M{t) = f{t) for every t e (0, 1]. 

Let us show that aM = Pm = 2. Let q < 2 and A, i G (0, 1]. Then 



M{\t) 
M{X)ti 



l-log(At) 



A2 



1-log A 



t1 



1 - log A 
1 - log(At) 



< < 1 



(the first inequality follows from the fact that s 1— > 1 — logs is decreasing), and 
therefore um > 2. 

Let g > 2. If A,i e (0, 1], then 



M{Xt) 
M{\)ti 



1 - log A 
1 - log(Ai) 



,2-q_ 



1 - logA 



e-1 



1 — log A — log t 1 



> 



l-loe A 



1 - log i ' 
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where the inequahty holds since — log t > and 1 — log A > 1 . Now if we define 
9^^^ ~ if-iogs ■ ^ ^ (0' l]i then lims^o+ 9is) = oo, g{l) — 1 and g(s) > for each 
s G (0, 1]. It follows that there is C > such that 17(5) > C for each s e (0, 1]. 
Hence 

M{X)t'} - 

for every A,i e (0, 1]. This implies that /3m < 2. 
Finally, if t G (0,1], then 

M{t) ^ i-iogf ^ 1 t^o+^ Q 

<2 <2 1-logt 

Hence, by Proposition 14.61 Hm does not coarsely or uniformly embed into £2- Let 
1 < p < 2. Since £p strongly uniformly embeds into £2 by Theorem ll.il it follows 
that Hm does not coarsely or uniformly embed into £p. □ 

The last remaining case is when 2 < I3m — Pn < 00. In this case, we can of 
course always have the coarse (uniform) embeddability (since any Banach space 
strongly uniformly embeds into itself). However, we do not know whether there 
exist Orlicz functions AI,N satisfying 2 < /3m = Pm < 00, such that Hm does not 
coarsely (uniformly) embed into hjs;. 

Let us conclude with a brief summary of the results. Let M, N be Orlicz func- 
tions. 

(1) If Pm < Pn or /?jv < Pm < 2 or /3m = Pn — 00, then /im strongly uniformly 
embeds into hjsi- 

(2) If Pm > 2 and Pn < Pm, then Hm does not coarsely or uniformly embed 
into h]\j. 

(3) If Pn < Pm — 2, then the coarse (uniform) embeddability of Hm into Hn 
is not determined by the values of Pm and Pn. 

(4) If 2 < Pm — Pn < 'x, then the question of the coarse (uniform) embed- 
dability of /iM into Hn is open. 
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